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Gauge-invariant quark-antiquark nonlocal condensates in lattice QCD
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We study, by numerical simulations on a lattice, the behavior of the gauge-invariant quark-antiquark non-
local condensates in the QCD vacuum with dynamical fermions. A determination is also done in thequenched
approximation and the results are compared with the full-QCD case. The fermionic correlation length is
extracted and compared with the analogous gluonic quantity.@S0556-2821~99!00505-6#

PACS number~s!: 12.38.Gc
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I. INTRODUCTION

The so-called ‘‘nonlocal condensates,’’ i.e., gaug
invariant field correlators, are the original starting points
any standard calculation which adopts the method of Q
sum rules@1#. These quantities appear when evaluating
power corrections via the ‘‘operator product expansio
~OPE! @2# of the product of two hadronic currents. The e
fects due to thex distribution of these vacuum fluctuation
sometimes have been neglected, dealing only with local c
densates^q̄(0)q(0)&, ^G(0)G(0)&, etc. However, it has
been recognized in@3–9# that in many applications the ef
fects due to thex distribution of the nonlocal condensate
have physical relevance and cannot be neglected. There
the knowledge of those nonlocal condensates from first p
ciples can be important for the study of the strong interact
theory and its applications.

In a previous series of works, we have studied, by num
cal simulations on a lattice, the gauge-invariant two-po
correlators of the gauge field strengths in the QCD vacu

Dmr,ns~x!5^0uTr$Gmr~0!S~0,x!Gns~x!S†~0,x!%u0&. ~1.1!

Gmr5gTaGmr
a is the gauge field-strength tensor andS(0,x)

is the Schwinger phase operator needed to parallel trans
the tensorGns(x) to the point 0.

These correlators have been determined on the lattic
the quenched~i.e., pure gauge! theory, with gauge-group
SU(2) @10#, in the quenched SU(3) theory in the range o
physical distances between 0.1 and 1 fm@11,12# and also in
full QCD, i.e., including the effects of dynamical fermion
@13#. The basic results of all these determinations is that
correlatorDmr,ns(x), in the Euclidean theory, can be writte
as the sum of a perturbative-like term, behaving as 1/uxu4,
and a nonperturbative part, which falls down exponentia

Dmr,ns
~n.p.! ~x!;exp~2uxu/lA!. ~1.2!
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The correlation length islA.0.13 fm for theSU(2) pure-
gauge theory@10#, lA.0.22 fm for theSU(3) pure-gauge
theory @11,12# and lA.0.34 fm for full QCD ~approaching
the chiral limit! @13#.

Along the same line, in this paper we present a latt
determination of the quark-antiquark nonlocal condensa
^q̄(0)S(0,x)q(x)&, adopting the same basic strategies a
techniques already developed for the study of the gluo
correlators@11–13#. In particular, we shall make use of th
‘‘cooling’’ technique @14,15# in order to remove the effect
of short-range fluctuations on large-distance correlators
get rid of the renormalizations. We shall not present h
again the details of our cooling procedure, for which we re
the reader to our previous works@11–15#.

The quark-antiquark nonlocal condensates have been
termined both in theSU(3) pure gauge theory and in fu
QCD, i.e., including the effects of dynamical fermions. T
details of the computations and the results are presente
Sec. II. In Sec. III we conclude with some remarks about
results.

II. COMPUTATIONS AND RESULTS

As we shall explain in more detail later, for our lattic
computations we have used four flavors ofstaggeredfermi-
ons, so that we are considering a theory with four degene
quark flavors in the continuum limit. Therefore, we ha
decided to consider only the expectation values of th
quark-antiquark operators which are diagonal in flavor,
are nontrivial with respect of the Dirac spinor indices, i.e

Ci~x!52(
f 51

4

^Tr@ q̄a
f ~0!~G i !abS~0,x!qb

f ~x!#&. ~2.1!

A few words about the notation used in Eq.~2.1!. S(x,y) is
the Schwinger string fromx to y,

S~x,y![P expS igE
x

y

dzmAm~z! D , ~2.2!
©1999 The American Physical Society03-1
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needed to makeCi(x) a gauge-invariant object. ‘‘P’’ stand
for ‘‘path ordering:’’ for simplicity, we takeS(x,y) along
the straight-line path fromx to y. Am5Am

a Ta is the gauge
field operator andTa are the matrices of the algebra of th
color groupSU(Nc) in the fundamental representation~for
Nc53,Ta5la/2, where la are the Gell-Mann matrices!.
The trace in Eq.~2.1! is taken with respect of the color in
dices. The index f in Eq. ~2.1! is a flavor index (f
51,2,3,4). The matricesG i are the sixteen independe
434 matrices of the Clifford’s algebra acting on the Dir
indices a,b: 1, gE

m , gE
5 , gE

mgE
5 , @gE

m ,gE
n #/2, where gE

m (m
51,2,3,4) andgE

5 are the Euclidean Dirac matrices.
Making use of the invariance of the theory under P,

translations and rotations, one can easily verify that mos
the sixteen vacuum expectations values~2.1! are zero for
symmetry reasons. One is left with only two nontrivi
quark-antiquark nonlocal condensates, out of the sixt
quantitiesCi(x) in Eq. ~2.1!, namely

C0~ uxu!52(
f 51

4

^Tr@ q̄a
f ~0!S~0,x!qa

f ~x!#&;

Cv~ uxu!5
xm

uxu
Cm~x!

52
xm

uxu (f 51

4

^Tr@ q̄a
f ~0!~gE

m!abS~0,x!qb
f ~x!#&.

~2.3!

For simplicity, in the following we shall refer to these tw
quantities as, respectively, the ‘‘scalar nonlocal condensa
@C0(uxu)# and the ‘‘~longitudinal-! vector nonlocal conden
sate’’ @Cv(uxu)#.

In order to construct our operators on the lattice we h
used the following procedure. In thestaggeredformulation
quark fields live on elementary hypercubes, so our corr
tors can be defined only for an even distanced in lattice
spacing units. In computinĝq̄(0)S(0,x)q(x)& we have al-
ways put the point 0 in the hypercube at the origin of t
lattice, while x has been varied along the coordinate ax
The staggeredpropagatorŝ x̄ ix j& have been computed a
first and have been connected to the origins of the hyp
cubes by minimal paths of gauge links~an average ove
paths of equal length has been performed!. They have then
been combined to build up the quark propagator. Finally,
Schwinger line connecting the origins of the two hypercub
has been put in. We have also performed an average
different directions.

In this way we can construct two~adimensional! lattice
operatorsC0

L(d•a) and Cv
L(d•a) (x5d•a, where a is the

lattice spacing andd is the number of lattice spacings!,
which are proportional toC0(d•a) and Cv(d•a) respec-
tively in the naı¨ve continuum limit, i.e., when the lattic
spacinga→0:
05450
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C0
L~d•a! ;

a→0
a3C0~d•a!1O~a4!,

~2.4!
Cv

L~d•a! ;
a→0

a3Cv~d•a!1O~a4!.

Higher orders ina in Eq. ~2.4! as well as possible multipli-
cative renormalizations are removed by cooling the quan
fluctuations at the scale of the lattice spacing, as explaine
Refs.@11–15#. This removal will show up as a plateau in th
dependence of the correlators on the number of steps o
cooling procedure: our data are the values of the correla
at the plateaux.

The computations have been performed with four flav
of staggeredfermions and theSU(3) Wilson action for the
pure-gauge sector: we have considered both the full-Q
case~i.e., including the effects of dynamical fermions! and
the quenchedcase~where the effects coming from loops o
dynamical fermions are neglected, i.e., detK@A#51 in this
approximation,K@A# being the fermions matrix!.

For the case with dynamical fermions we have measu
the nonlocal condensates on a 163324 lattice at b
55.35 (b56/g2, whereg is the coupling constant! and two
different values of the dynamical quark mass:a•mq50.01
anda•mq50.02. In both cases the quark mass used in co
puting the quark propagator has been chosen to be the s
one used during the simulation. Our samples were;300
configurations ata•mq50.01, each one separated by 9 m
lecular dynamics time units, and;70 ata•mq50.02, each
one separated by 12 molecular dynamics time units. T
computation was done on a QH4-APE machine by a stand
hybrid Monte Carlo algorithm.

For the quenchedcase the measurement has been p
formed on a 164 lattice at b56.00, using a quark mas
a•mq50.01 for constructing the external-field quark prop
gator, and also atb55.91, using a quark massa•mq
50.02. In both cases the value ofb was chosen in order to
have the same physical scale as in full QCD at the co
sponding quark masses, thus allowing a direct compari
between thequenchedand the full theory. In this way we can
see if the inclusion of dynamical fermions has or has
considerable effects on the quantities that we are measu

In the quenchedcase two other measurements have be
done atb56.00, using quark massesa•mq50.05 and 0.10
for constructing the external-field quark propagator, in ord
to study the dependence of the nonlocal condensates on
valence quark mass.

Finally, in all cases, we have measured the nonlocal c
densates at distancesd52,4,6,8 in units of lattice spacing.

In Figs. 1 and 2 we display the results fora3C0(d•a) and
a3Cv(d•a) respectively, versus the distanced in lattice
spacings, for full QCD ata•mq50.01 and for full QCD at
a•mq50.02. The results fora3C0 anda3Cv obtained in the
quencheddeterminations are displayed in Figs. 3 and 4,
the casesb56.00 and a•mq50.01,b55.91 and a•mq
50.02,b56.00 and a•mq50.05,b56.00 and a•mq
50.10.

For the scalar nonlocal condensate we have tried a be
to the data with the function
3-2
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C0~x!5A0 exp~2m0x!1
B0

x2
. ~2.5!

Results obtained in the various cases are shown in Tabl
Analogously, for the longitudinal-vector nonlocal conde

sate we have tried a best fit to the data with the function

FIG. 1. The functiona3C0(x) ~scalar correlator! versus the dis-
tanced5x/a in lattice spacings, for the full-QCD case atb55.35
and quark massesa•mq50.01 ~circles! anda•mq50.02 ~squares!.
The curves correspond to our best fits@Eq. ~2.5!#.

FIG. 2. The functiona3Cv(x) ~vector correlator! versus the dis-
tanced5x/a in lattice spacings, for the full-QCD case atb55.35
and quark massesa•mq50.01 ~circles! anda•mq50.02 ~squares!.
This last set of symbols~squares! has been shifted horizontally in
the right direction to distinguish it from the other set of symbo
~circles!. As an example, we plot the curve corresponding to
best fit @Eq. ~2.6!# to the data ata•mq50.01.
05450
I.
-

Cv~x!5Avx3 exp~2mvx!1
Bv

x3
. ~2.6!

Results obtained in the various cases are shown in Tabl
~The values ofx2/Nd.o. f . reported in Tables I and II

should be considered as purely indicative of the goodnes
our best fits, sinceNd.o. f .[ndata2nparam. is only an upper

r

FIG. 3. The same as in Fig. 1 for thequenchedcase atb
56.00 and a quark massa•mq50.01 ~circles!, b55.91 and
a•mq50.02 ~squares!, b56.00 anda•mq50.05 ~triangles down!,
b56.00 anda•mq50.10 ~triangles up!.

FIG. 4. The same as in Fig. 2 for thequenchedcase atb
56.00 and a quark massa•mq50.01 ~circles!, b55.91 and
a•mq50.02 ~squares!, b56.00 anda•mq50.05 ~triangles down!,
b56.00 anda•mq50.10 ~triangles up!. Again, different sets of
symbols have been shifted horizontally in the right direction. As
example, we plot the curve corresponding to our best fit@Eq. ~2.6!#
to the first set of data~circles!.
3-3
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M. D’ELIA, A. DI GIACOMO, AND E. MEGGIOLARO PHYSICAL REVIEW D 59 054503
limit to the effective number of degrees of freedom af
taking into account the correlations between data at diffe
distances.!

The form of the perturbative-like terms in Eqs.~2.5! and
~2.6! ~i.e., B0 /x2 for the scalar condensate andBv /x3 for the
vector condensate! is that obtained in the leading order
perturbation theory, in the chiral limitmq→0:

C0
~p.t.!~x! ;

mq→0
S mqNfNc

p2 D • 1

x2
;

~2.7!

Cv
~p.t.!~x! ;

mq→0
S 2NfNc

p2 D • 1

x3
,

for a theory withNf flavors andNc colors. In our caseNf
54 andNc53: the values for the coefficientsaB0 and Bv
obtained in the best fits agree as an order of magnitude
the estimates~2.7!.

To conclude this section, let us make some remarks ab
the significance of the results obtained for the longitudi
vector nonlocal condensate. As the number of cooling st
tends to`, the gauge-field configuration is driven towar
the zero-field configuration, so we expect bothC0

L(d) and
Cv

L(d) to reach asymptotically their free-field values. In bo
cases, and unlike the case of the gluon field-strength corr
tors, these free-field values are different from zero and c
respond to the leading order in lattice perturbation theory

We have determined the free-field values by measu
C0

L(d) andCv
L(d) on the zero-field configuration. Results a

TABLE I. Results obtained from a best fit to the data of t
scalar nonlocal condensate with the function~2.5!, in the various
cases that we have examined~‘‘f’’ stands for ‘‘full-QCD,’’ while
‘‘q’’ stands for quenched!.

b, theory a•mq a3A03102 am0 aB03101 x2/Nd.o. f .

5.35, f 0.01 0.49~13! 0.16~4! 0.13~3! 1.331022

5.35, f 0.02 1.7~5! 0.26~4! 0.19~10! 6.431023

6.00, q 0.01 1.6~5! 0.16~4! 0.09~12! 7.631022

5.91, q 0.02 2.3~7! 0.26~3! 0.25~14! 5.231022

6.00, q 0.05 1.8~4! 0.34~2! 0.7~1! 0.2
6.00, q 0.10 5.6~5! 0.55~1! 1.0~1! 1.331022

TABLE II. Results obtained from a best fit to the data of t
longitudinal-vector nonlocal condensate with the function~2.6!, in
the various cases that we have examined~‘‘f’’ stands for ‘‘full-
QCD,’’ while ‘‘q’’ stands for quenched!.

b, theory a•mq a6Av amv Bv x2/Nd.o. f .

5.35, f 0.01 0.19~1! 1.46~1! 2.87~3! 1.76
5.35, f 0.02 0.20~1! 1.48~2! 2.84~3! 0.8
6.00, q 0.01 0.21~1! 1.48~1! 2.83~2! 0.4
5.91, q 0.02 0.216~7! 1.494~6! 2.81~1! 2.331023

6.00, q 0.05 0.22~1! 1.50~1! 2.80~1! 231022

6.00, q 0.10 0.26~1! 1.54~1! 2.73~2! 2.2
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displayed in Figs. 5 and 6 respectively and compared to
sults obtained in full QCD fora•mq50.01. Qualitatively
similar figures are obtained for other values ofa•mq andb.

It clearly appears that the vector nonlocal condensat
strongly dominated by the free-field signal: our method
determine it is thus likely to be poorly sensitive to the no
perturbative signal. Moreover, the free-field signal for t
vector nonlocal condensate is only weakly mass-depen
~it is different from zero in the chiral limit!: this fact, to-
gether with the above-mentioned dominance of the free-fi
signal, gives an explanation of why the data of the vec
nonlocal condensate, reported in Figs. 2 and 4, depend
weakly on the value of the~valence! quark mass. We regard

FIG. 5. The free-field value ofC0
L(d), measured on the zero

field configuration~filled circles!, compared to the results obtaine
in full QCD at a•mq50.01 ~open circles!.

FIG. 6. The free-field value ofCv
L(d), measured on the zero

field configuration~filled circles!, compared to the results obtaine
in full QCD at a•mq50.01 ~open circles!.
3-4
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results concerning the vector nonlocal condensate as pre
nary: it will be the subject of further investigations.

This is not the case of the scalar correlator: there
free-field signal is only a small fraction of the whole signal
most distances. Moreover, as a further check of the reliab
of the results obtained in this case, we have tried to subt
the free-field signal from the measured scalar nonlocal c
densate: we have obtained that after the subtraction the
sults of the fits are unchanged for the nonperturbative p
while they give a value compatible with zero for th
perturbative-like term.

III. DISCUSSION

In principle from our simulations we can extract tw
quantities of physical interest: the quark condens

^q̄(0)q(0)& and the correlation lengthl0[1/m0 of the scalar
quark-antiquark nonlocal condensate. As explained in R
@4–9#, l0 plays a relevant role in many applications of QC
sum rules, especially for studying the pion form factors a
the pion wave functions.

From the lattice we have extractedl0 in units of the lat-
tice spacinga. To convert from these units to physical unit
the scale must be set by comparison with some phys
quantity. This is usually done by computing the string te
sion and/or ther mass on the lattice and comparing the
with the physical values. In the full-QCD case, on t
163324 lattice atb55.35 with four flavors ofstaggered
fermions, we have found, by measuringmp and mr on our
configurations and following the same procedure descri
in Ref. @16#, the following values for the lattice spacing:

a~b55.35!.0.101 fm, for a•mq50.01;
~3.1!

a~b55.35!.0.120 fm, for a•mq50.02.

In the quenchedcase the lattice spacing is approximate
@17#

a~Y M!~b56.00!.0.103 fm;
~3.2!

a~Y M!~b55.91!.0.120 fm.

Using these values, we can extract the physical values o
correlation lengthl0 for all the cases examined, obtainin
the results reported in Table III.

TABLE III. The physical values of the correlation lengthl0 for
all the cases that we have examined. Reported errors refer on
our determination and do not include the uncertainty on the phys
scale.

b, theory a•mq l0 ~fm!

5.35, f 0.01 0.6320.13
10.21

5.35, f 0.02 0.4620.06
10.09

6.00, q 0.01 0.6420.13
10.22

5.91, q 0.02 0.4620.05
10.06

6.00, q 0.05 0.30~2!

6.00, q 0.10 0.187~3!
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At a•mq50.01 the value is roughly twice as big as th
value for the correlation lengthlA of the gluon field strength,
defined in Eq.~1.2!, at the same quark massa•mq50.01
@13#.

The full-QCD and thequenchedcorrelation lengthsl0 are
nearly the same, when compared at the same quark ma

Similarly to the gluon case@13#, the fermionic correlation
length appears to decrease when increasing the quark m
However, our results seem to suggest that the value ofl0 is
sensitive to the value of the valence quark mass used
constructing the quark propagator, but is not much infl
enced by the dynamical quark loops coming from the de
minant of the fermionic matrix det(K@A#).

Using the values of the pion massmp , measured on our
configurations in the full-QCD case@a•mp50.263(8) for
a•mq50.01, anda•mp50.372(13) fora•mq50.02], and
the corresponding values ofa•m0 reported in Table I, we
find that mp /m051.6(4) for a•mq50.01 and mp /m0
51.4(2) fora•mq50.02. Therefore, the inverse of the sc
lar correlation length,m051/l0 , turns out to be proportiona
~within the errors! to the pion massmp : in other words, it is
the pion massmp which determines the length-scale of th
scalar nonlocal condensate.

We conclude with a brief comment about the quark co
densate. A way to extract this quantity is to consider
uncooled values of the scalar quark correlator at zero
tance,C0

L(0), for different quark masses and then to extrap
late those values to zero quark mass. From our full-Q
simulations we have obtained the following results~in lattice
units!:

C0
L~0!57.17~6!31022, for a•mq50.01;

~3.3!
C0

L~0!51.26~2!31021, for a•mq50.02.

A linear extrapolation of these two values to zero quark m
leads to the result

C0
L~0!umq5050.0174~32!. ~3.4!

Adopting the same procedure outlined in Ref.@16# ~which
properly takes into account the anomalous dimension of
quark condensate!, we can then extract the following valu
for the single-flavor quark condensate in the modified mi
mal subtraction (MS) renormalization scheme at a scale
m51 GeV:

u^ūu&u~MS!~m51 GeV!50.013~2! GeV3. ~3.5!

This result is in perfect agreement with the phenomenolo
cal value@18#.

As an alternative method, one could also try to extract
quark condensate directly from the values of the coeffici
A0 , defined in Eq.~2.5!. However, the values ofa3A0 re-
ported in Table I in the full-QCD case fora•mq50.01 and
a•mq50.02 are visibly much smaller than the correspond
values forC0

L(0) reported in Eq.~3.3!. Apparently, no rea-
sonable quark condensate can be extracted from these v
of a3A0 . The reason for this discrepancy could lie in th

to
al
3-5
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anomalous dimension of the quark condensate: while we
lieve that the correlation lengthl0 is not affected by the
cooling procedure, we do not know the effects of cooling
the quark condensate, which has an anomalous dimen
~This problem is not present in the case of gluon correlat
since the extracted gluon condensate is renormaliza
l.

on
,

. C

05450
e-

n
n.

s,
n

group invariant.! We hope to come back to this point i
future work.
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