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Gauge-invariant quark-antiquark nonlocal condensates in lattice QCD
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We study, by numerical simulations on a lattice, the behavior of the gauge-invariant quark-antiquark non-
local condensates in the QCD vacuum with dynamical fermions. A determination is also donejirettehed
approximation and the results are compared with the full-QCD case. The fermionic correlation length is
extracted and compared with the analogous gluonic quap88§556-282(99)00505-¢

PACS numbd(s): 12.38.Gc

[. INTRODUCTION The correlation length i& ,=0.13fm for theSU(2) pure-
gauge theonf10], A 4=0.22 fm for theSU(3) pure-gauge
The so-called “nonlocal condensates,” i.e., gauge-theory[11,12 and\,=0.34fm for full QCD (approaching
invariant field correlators, are the original starting points forthe chiral limit [13].
any standard calculation which adopts the method of QCD Along the same line, in this paper we present a lattice
sum rules[1]. These quantities appear when evaluating thedetermination of the quark-antiquark nonlocal condensates
power corrections via the “operator product expansion”{q(0)S(0x)q(x)), adopting the same basic strategies and
(OPE [2] of the product of two hadronic currents. The ef- techniques already developed for the study of the gluonic
fects due to thex distribution of these vacuum fluctuations correlators[11-13. In particular, we shall make use of the
sometimes have been neglected, dealing only with local cort‘cooling” technique [14,15 in order to remove the effects
densates(q(0)q(0)), (G(0)G(0)), etc. However, it has of short-range fluctuations on large-distance correlators and
been recognized ifi3—9] that in many applications the ef- get rid of the renormalizations. We shall not present here
fects due to thex distribution of the nonlocal condensates again the details of our cooling procedure, for which we refer
have physical relevance and cannot be neglected. Thereforie reader to our previous works1—-15.
the knowledge of those nonlocal condensates from first prin- The quark-antiquark nonlocal condensates have been de-
ciples can be important for the study of the strong interactiortermined both in theSU(3) pure gauge theory and in full
theory and its applications. QCD, i.e., including the effects of dynamical fermions. The
In a previous series of works, we have studied, by numeridetails of the computations and the results are presented in
cal simulations on a lattice, the gauge-invariant two-pointSec. Il. In Sec. lll we conclude with some remarks about the
correlators of the gauge field strengths in the QCD vacuumresults.

D”p'VU(X):<0|Tr{GMp(O)S(O,X)GVO.(X)ST(O,X)}|O>, (11) II. COMPUTATIONS AND RESULTS

As we shall explain in more detail later, for our lattice
computations we have used four flavorsstdiggeredermi-
G,,=09T°G, is the gauge field-strength tensor aB0x)  ons, so that we are considering a theory with four degenerate
is the Schwinger phase operator needed to parallel transpagtiark flavors in the continuum limit. Therefore, we have
the tensoiG,,(x) to the point 0. decided to consider only the expectation values of those
These correlators have been determined on the lattice iquark-antiquark operators which are diagonal in flavor, but
the quenched(i.e., pure gaugetheory, with gauge-group are nontrivial with respect of the Dirac spinor indices, i.e.,
SU(2) [10], in the quenched SB) theory in the range of
physical distances between 0.1 and 1[fid,12 and also in 4 _
full QCD, i.e., including the effects of dynamical fermions Ci(x)=— > (Tr[ﬁ;(O)(F')abS(O,x)q{J(x)D. (2.1
[13]. The basic results of all these determinations is that the =1
correlatorD,,, ,,(X), in the Euclidean theory, can be written . . )
as the sum of a perturbative-like term, behaving 4g/4/ A few words about the notation used in Hg.1). S(x,y) is
and a nonperturbative part, which falls down exponentially the Schwinger string from to y,

y
D(n.p.)(x)~exq_|x|/)\A). (1.2 S(x,y)EPex;<ingz"AM(z)), (2.2

up,vo
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needed to mak€;(x) a gauge-invariant object. “P” stands Cg(d-a) ~ a%Cy(d-a)+O(a%),

for “path ordering:” for simplicity, we takeS(x,y) along a—0

the straight-line path fronx to y. AM=A;‘1Ta is the gauge (2.9
field operator and® are the matrices of the algebra of the C',;(d-a) ~ a%C,(d-a)+0O(a%).

color groupSU(N.) in the fundamental representatiior a—0

N.=3,T?=\./2, where\, are the Gell-Mann matrices

The trace in Eq(2.1) is taken with respect of the color in- Higher orders ina in Eq. (2.4) as well as possible multipli-
dices. The indexf in Eq. (2.1) is a flavor index f cative renormalizations are removed by cooling the quantum
=1,2,3,4). The matriced" are the sixteen independent fluctuations at the scale of the lattice spacing, as explained in

4x 4 matrices of the Clifford’s algebra acting on the Dirac Refs.[11-15. This removal will show up as a plateau in the
indices a,b: 1, y£, ¥, v&y2, [y£,yL1/2, where y£(n  dependence of the correlators on the number of steps of the

=1,2,3,4) andyEE’ are the Euclidean Dirac matrices. cooling procedure: our data are the values of the correlators

Making use of the invariance of the theory under P, T,at the plateaux. _
translations and rotations, one can easily verify that most of | 1€ computations have been performed with four flavors
the sixteen vacuum expectations valu@sl) are zero for of staggerediermions and theSU(S).Wnson action for the
symmetry reasons. One is left with only two nontrivial Puré-gauge sector: we have considered both the full-QCD

quark-antiquark nonlocal condensates, out of the sixteef@S€(i-€., including the effects of dynamical fermignand
quantitiesC;(x) in Eq. (2.1), namely the quenchedcase(where the effects coming from loops of

dynamical fermions are neglected, i.e., pA]=1 in this
approximationK[A] being the fermions matr)x
4 For the case with dynamical fermions we have measured
Co(|x])=— E (Tr[a;(O)S(O,x)q;(x)D; the nonlocal condensates on a3%®4 lattice at S
f=1 =5.35 (8=6/g?, whereg is the coupling constapand two
different values of the dynamical quark massm,=0.01
anda-my=0.02. In both cases the quark mass used in com-
puting the quark propagator has been chosen to be the same
one used during the simulation. Our samples wetg00
configurations ati- my;=0.01, each one separated by 9 mo-
3 x_ﬂ2 a0V () - S0 lecular dynamics time units, and 70 ata~_mq=.0.02, gach
S TR (TrAa(0)(7£)apS(0X)dp(X)])- one separated by 12 molecular dynamics time units. The
computation was done on a QH4-APE machine by a standard
(2.3 hybrid Monte Carlo algorithm.
For the quenchedcase the measurement has been per-
o . formed on a 16 lattice at 8=6.00, using a quark mass
For simplicity, in the following we shall refer to these two 5.m =0.01 for constructing the external-field quark propa-
guantities as, respectively, the “scalar nonlocal condensate’g’]ator, and also a3=5.91, using a quark masa-m
[Co(|x[)] and the *(longitudinal) vector nonlocal conden-  —g 02, In both cases the value Sfwas chosen in order to
sate” [C,(|x[)]. _ have the same physical scale as in full QCD at the corre-
In order to construct our operators on the lattice we haV%ponding quark masses, thus allowing a direct comparison
used the following procedure. In traggeredformulation  petween thejuenchedand the full theory. In this way we can
quark fields live on elementary hypercubes, so our correlagee if the inclusion of dynamical fermions has or has not
tors can be defined only for an even distantén lattice  considerable effects on the quantities that we are measuring.
spacing units. In computingg(0)S(0x)q(x)) we have al- In the quenchectase two other measurements have been
ways put the point 0 in the hypercube at the origin of thegone atg=6.00, using quark masses m,=0.05 and 0.10
lattice, whilex has been varied along the coordinate axesfor constructing the external-field quark propagator, in order
The staggeredpropagators(x;x;) have been computed at to study the dependence of the nonlocal condensates on the
first and have been connected to the origins of the hypervalence quark mass.
cubes by minimal paths of gauge linkan average over Finally, in all cases, we have measured the nonlocal con-
paths of equal length has been perforinéthey have then densates at distancéds-2,4,6,8 in units of lattice spacing.
been combined to build up the quark propagator. Finally, the In Figs. 1 and 2 we display the results #tC,(d-a) and
Schwinger line connecting the origins of the two hypercubesa®C,(d-a) respectively, versus the distance in lattice
has been put in. We have also performed an average ovepacings, for full QCD aa-my=0.01 and for full QCD at
different directions. a-mg=0.02. The results foa®C, anda®C, obtained in the
In this way we can construct twdimensional lattice  quenchedieterminations are displayed in Figs. 3 and 4, for
operatorscb(d-a) and C,E(d-a) (x=d-a, wherea is the the casesp=6.00 anda-m;=0.01,4=5.91 anda-m,
lattice spacing andl is the number of lattice spacings =0.02,4=6.00 and a-m;=0.05,3=6.00 and a-m,
which are proportional taCy(d-a) and C,(d-a) respec- =0.10.
tively in the nave continuum limit, i.e., when the lattice For the scalar nonlocal condensate we have tried a best fit
spacinga—0: to the data with the function

cv<|x|>=|X7"|cM<x>

4
1
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FIG. 1. The functiora®Cy(x) (scalar correlatgrversus the dis- FIG. 3. The same as in Fig. 1 for thguenchedcase atg
tanced=x/a in lattice spacings, for the full-QCD case @&5.35 =6.00 and a quark masa-m,=0.01 (circles, 8=5.91 and
and quark masses mq=0.01(circles anda-m,=0.02 (squarek a-mq=0.02 (squarey 8=6.00 anda-m,=0.05 (triangles dow
The curves correspond to our best fifg. (2.5)]. B=6.00 anda- my=0.10 (triangles up.

_ Bo C,(x)=A,x3 exp( — u,X)+ B (2.6
Co(X)=Ag exp(— uoX) + 2 (2.9 v v T3

) ] ] . Results obtained in the various cases are shown in Table II.
Results obtained in the various cases are shown in Table I.  (The values ofy?/Ny,; reported in Tables | and Il

Analogously, for the longitudinal-vector nonlocal conden- should be considered as purely indicative of the goodness of
sate we have tried a best fit to the data with the function  oyr pest fits, sinceNy , s =Ngata— Nparam IS ONly an upper

corr_vect corr_vect
(full QCD) (guenched)
0.50 : . : . 0.50 : . . .
0.40 + . 0.40 +
0.30 | 8 0.30 | 8
0.20 | . 0.20 | .
0.10 | . 0.10 | .
0'00 1 1 1 0'00 1 1 1 D IRl
0.0 2.0 4.0 6.0 8.0 0.0 2.0 4.0 6.0 8.0
d=x/a (a-=lattice spacing} d=x/a (a-=lattice spacing}
FIG. 2. The functiora®C,(x) (vector correlatorversus the dis- FIG. 4. The same as in Fig. 2 for thguenchedcase atg
tanced=x/a in lattice spacings, for the full-QCD case @at=5.35 =6.00 and a quark masa-m,=0.01 (circles, 8=5.91 and

and quark masses mq=0.01(circles anda-m,=0.02 (square} a-mq=0.02 (squarey S=6.00 anda-m,=0.05 (triangles dow
This last set of symbolgsquarel has been shifted horizontally in  3=6.00 anda-m,=0.10 (triangles up. Again, different sets of
the right direction to distinguish it from the other set of symbols symbols have been shifted horizontally in the right direction. As an
(circles. As an example, we plot the curve corresponding to ourexample, we plot the curve corresponding to our bes$Eft. (2.6)]
best fit[Eq. (2.6)] to the data af- my=0.01. to the first set of datécircles.
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TABLE I. Results obtained from a best fit to the data of the
scalar nonlocal condensate with the functi@b5), in the various
cases that we have examinéd” stands for “full-QCD,” while 0.008
“q” stands for quenchegl

B theory a-my a’Agx10® aw, aByx10" x*/Ng,r.

535,f 001 0403 0.164) 0.133) 1.3x10°2
535 f 002 1.7 0.264) 0.1910) 6.4x10°3
6.00,q 0.01 1.6 0.164) 0.0912) 7.6x10°2
591, 0.02 2@ 0.263) 0.2514) 5.2x10°2
6.00,q 0.05 1.8 0.342) 0.7(1) 0.2

6.00,qg 010 56) 0.551) 1.01) 1.3x1072

limit to the effective number of degrees of freedom after

taking into account the correlations between data at different

distances. 0.000
The form of the perturbative-like terms in Eq&.5) and

(2.6) (i.e., By /x? for the scalar condensate aBg/x3 for the
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corr_scal

(free—field value)

0.006 |

0.004 |

0.002

2.0 4.0 6.0
d=xa (a=lattice spacing)

8.0

vector condensalds that obtained in the leading order in  FIG. 5. The free-field value o€g(d), measured on the zero-

perturbation theory, in the chiral limin,— 0:

in full QCD ata-my=0.01 (open circle

Cgp't')(x) ~ (M) . iz; displayed in Figs. 5 and 6 respectively and compared to re-
mg—o\ T X sults obtained in full QCD fora-m,=0.01. Qualitatively
(2.7  similar figures are obtained for other valuesasim, and .
L) 2NeNg| 1 It clearly appears that the vector nonlocal condensate is
CPH(x) ~ g )'—3, strongly dominated by the free-field signal: our method to
mg—0 determine it is thus likely to be poorly sensitive to the non-

for a theory withN; flavors andN. colors. In our casé\;
=4 andN.=3: the values for the coefficienesB, andB, i
obtained in the best fits agree as an order of magnitude Witb
the estimate$2.7).

the significance of the results obtained for the Iongitudinalw
vector nonlocal condensate. As the number of cooling steps
tends tow, the gauge-field configuration is driven towards
the zero-field configuration, so we expect bmb(d) and
C,%(d) to reach asymptotically their free-field values. In both 050

corr_vect

(freefield value}

field configuration(filled circles, compared to the results obtained

perturbative signal. Moreover, the free-field signal for the

vector nonlocal condensate is only weakly mass-dependent
it is different from zero in the chiral limjt this fact, to-
ether with the above-mentioned dominance of the free-field
signal, gives an explanation of why the data of the vector

Honlocal condensate, reported in Figs. 2 and 4, depend so
eakly on the value of thévalence quark mass. We regard

cases, and unlike the case of the gluon field-strength correla
tors, these free-field values are different from zero and cor-
respond to the leading order in lattice perturbation theory. 040}
We have determined the free-field values by measuring
Cg(d) andC(d) on the zero-field configuration. Results are
0.30 |
TABLE II. Results obtained from a best fit to the data of the
longitudinal-vector nonlocal condensate with the functi@r), in
the various cases that we have examiri&ftl stands for “full- 0.20 -
QCD,” while “q"” stands for quencheyl

B, theory a-m,  a°A, au, B, X*Ngo.r. 040 |

535 f 001 0.1@) 1461 2.873) 1.76
535 f 0.02 020) 1482 2.843) 0.8 0.00

©e0
L

6.00,q 0.01 0.20) 1.481) 2.832) 0.4 0.0
591, 0.02 021§ 1.4946) 2811 2.3x10°
6.00,q 005 024) 1501) 2.801) 2x102
6.00,q 010 0.2@) 1.541) 2732 2.2
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FIG. 6. The free-field value oct(d), measured on the zero-
field configuration(filled circles, compared to the results obtained
in full QCD ata-my=0.01(open circles
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TABLE Ill. The physical values of the correlation lengtl for At a-my=0.01 the value is roughly twice as big as the
all the cases that we have examined. Reported errors refer only tgglue for the correlation length, of the gluon field strength,
our determination and do not include the uncertainty on the physicajiefined in Eq.(1.2), at the same quark mass m,=0.01
scale. [13].

The full-QCD and thejuencheaorrelation length&  are

B. theory a-Mmq Ao (fm) nearly the same, when compared at the same quark mass.
5.35, f 0.01 0.63"02L Similarly to the gluon casg13], the fermionic correlation
5.35, f 0.02 0.46' 009 length appears to decrease when increasing the quar_k mass.
6.00, q 0.01 0.64°022 Howg\_/er, our results seem to suggest that the value,a$ _
5.91, q 0.02 0.46" 006 sensitive to the value of the valence quark mass used in
6.00. q 0.05 o ?:(02;’5 constructing the quark propagator, but is not much influ-
6.00. q 0.10 0.183) enced by the dynamical quark loops coming from the deter-

minant of the fermionic matrix def(A]).
Using the values of the pion mass,, measured on our

results concerning the vector nonlocal condensate as prelimfonfigurations in the full-QCD casga-m,=0.263(8) for
nary: it will be the subject of further investigations. a-mg=0.01, anda-m,=0.372(13) fora-mq=0.02], and
This is not the case of the scalar correlator: there théhe corresponding values af- u, reported in Table I, we
free-field signal is only a small fraction of the whole signal atfind that m_/u,=1.6(4) for a-my=0.01 and m_/u,
most distances. Moreover, as a further check of the reliability= 1.4(2) fora-m,=0.02. Therefore, the inverse of the sca-
of the results obtained in this case, we have tried to subtrad@r correlation lengthyuo=1/Ao, turns out to be proportional
the free-field signal from the measured scalar nonlocal contwithin the errorg to the pion mass: in other words, it is
densate: we have obtained that after the subtraction the réhe pion massn, which determines the length-scale of the
sults of the fits are unchanged for the nonperturbative pargcalar nonlocal condensate.
while they give a value compatible with zero for the We conclude with a brief comment about the quark con-
perturbative-like term. densate. A way to extract this quantity is to consider the
uncooled values of the scalar quark correlator at zero dis-
ll. DISCUSSION tance,C(L)(O), for different quark masses and then to extrapo-
late those values to zero quark mass. From our full-QCD
In principle from our simulations we can extract two simulations we have obtained the following restitslattice
quantities of physical interest: the quark condensatgnits):

(H(O)q(O)) and the correlation lengthy= 1/u of the scalar

quark-antiquark nonlocal condensate. As explained in Refs. Cg(0)=7.176)x10 2, for a-my=0.01;
[4-9], Ao plays a relevant role in many applications of QCD 3.3
sum rules, especially for studying the pion form factors and C(L)(O)=1.2612)>< 1071, for a- mg=0.02.

the pion wave functions.
From the lattice we have extractaq in units of the lat- A linear extrapolation of these two values to zero quark mass
tice spacinga. To convert from these units to physical units, leads to the result
the scale must be set by comparison with some physical L
quantity. This is usually done by computing the string ten- C6(0)[m,=0=0.017432). (3.4
sion and/or thep mass on the lattice and comparing them ) . . ]
with the physical values. In the full-QCD case, on theAdopting the same procedure outlined in REf6] (which
163x 24 lattice at3=5.35 with four flavors ofstaggered Properly takes into account the anomalous dimension of the
fermions, we have found, by measurin'gr and mp on our quark Condensalewe can then extract the fOIIOWing value
configurations and following the same procedure describefPr the single-flavor quark condensate in the modified mini-
in Ref.[16], the following values for the lattice spacing: ~ mal subtraction KIS) renormalization scheme at a scale of
u=1GeV:
a(B=5.39=0.101 fm, fora-m,=0.01, o
(3.1 [(Uu)|MS(u=1 GeV)=0.0132) Ge\®. (3.5
a(B=5.39=0.120 fm, fora-m,=0.02.

) o ) This result is in perfect agreement with the phenomenologi-
In the quenchedcase the lattice spacing is approximately - value[18].

[17] As an alternative method, one could also try to extract the
(YM)[ a— - . quark condensate directly from the values of the coefficient
a7 ($=6.00=0.103 fm; (3.2 A,, defined in Eq.2.5. However, the values ch®A, re-
aYM(B=5.91)=0.120 fm. 2 ported in Table | in the full-QCD case fa@-m,=0.01 and

a-mq=0.02 are visibly much smaller than the corresponding
Using these values, we can extract the physical values of thealues foer(O) reported in Eq(3.3). Apparently, no rea-
correlation lengthh, for all the cases examined, obtaining sonable quark condensate can be extracted from these values
the results reported in Table IIl. of a®A,. The reason for this discrepancy could lie in the
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anomalous dimension of the quark condensate: while we begroup invariany. We hope to come back to this point in
lieve that the correlation length, is not affected by the future work.

cooling procedure, we do not know the effects of cooling on

the quark condensate, which has an anomalous dimension. ACKNOWLEDGMENTS
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